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ABSTRACT 

Using the previous construction of the geometrical representation {QTZ) 
of the centerless ID, A/" = 4 extended Super Virasoro algebra, we construct 
the corresponding Short Distance Operation Product Expansions for the 
deformed version of the algebra. This algebra differs from the regular alge- 
bra by the addition of terms containing the Levi-Civita tensor. How this 
addition changes the super-commutation relations and affects the Short 
Distance Operation Product Expansions (OPEs) of the associated fields 
is investigated. The Method of Coadjoint Orbits, which removes the need 
first to find Lagrangians invariant under the action of the symmetries, is 
used to calculate the expansions. Finally, an alternative method involving 
Clifford algebras is investigated for comparison. 
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1 Introduction 



One of the fundamental mathematical objects of String Theory (ST) is the Virasoro 
algebra. It is used in the description of simple open/closed strings and is well- 
developed in Conformal Field Theory (CFT), a primary tool for probing strings. A 
familiar technique from CFT commonly used in this context is the Operator Product 
Expansion (OPE) as it is closely related to the calculation of two-point correlation 
functions which themselves are related to the propagation and interaction of fields 
represented in ST. 

In many discussions, the beginning of such constructions involves first finding 
an action (containing appropriate fields) that is invariant under a realization of the 
(super) conformal symmetry group. The solutions of the fields equations of motion 
are expanded in terms of Fourier series. The Noether charges associated with the 
generators are, using their expressions in terms of the fields, also then expressed in 
terms of such Fourier series. Finally OPE's are then calculated. Clearly the role of the 
action is prominent, both in determing the Noether Charges and the field equations 
of motion. 

Instead the method to be used in this work for calculating these OPE's is the 
Coadjoint Orbit method developed by Kirillov [1] and built upon the elements of 
Lie algebras and their realizations. One goes from the closed algebra of operators to 
elements of a vector space. This vector space is then expanded by the addition of 
a dual space of covectors and a bilinear metric between the two. These objects are 
then used to find the coadjoint orbits which can be used in the OPE. 

In this paper, the algebra used is the extended QTZ Super Virasoro Algebra^ {QTZ 
SVA), a much larger algebra than the one related to the Virasoro algebra. The Vi- 
rasoro algebra in this case contains familiar time-space operators from the Poincare 
algebra and the conformal algebra. The extended QTZ Super Virasoro algebra has 
many parts. It is the Super Virasoro algebra because of the inclusion of super- 
symmetric elements and thus an enlarged symmetry. QTZ stands for "Geometrical 
Representation" which means that methods involve groups and algebras acting on 
the operators described in a representation as derivations on the superspace. It is 
extended because it can be considered on the basis of the coordinates of A/'-extended 
superspace. In the special case of A/" = 4, there is a deformation due to the addition 
of certain terms in the derivations as a function of a variable £. These terms change 
the number of operators in the algebra for certain values of £. 

^It is perhaps more accurate to describe out starting point as a 'Witt algebra' as it is 'centerless' 
and constructed from the vector fields associated with superspace coordinates. 
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The calculations to be done in this work are in the context of one temporal di- 
mension (ID) and four fermionic or Grassmann dimensions (jV = 4). There is a 
relationship between 4D, jV = 1 theories and ID, jV = 4 theories but that will not 
be discussed in this paper. 

The outline of the paper is as follows. The first section will describe the extended 
GTZ Super Virasoro algebra with a focus on under what conditions does it close and the 
corresponding number of operators. The next section will explain how the Coadjoint 
Orbit method is used and its application on the algebra. The third section brings 
in the OPE and it will be used to calculate various short distance Operator Product 
Expansions for the algebra. In Section 5, a different look at the whole method from 
the use of Clifford algebras as an alternative to derivations. Finally, there will be a 
discussion of some of the implications of the results of the paper. 



2 Realization of the ID, A/" = 4 Extended GR 
Super Virasoro Algebra 

One can get to the Super Virasoro algebra by starting with the SO (A/") algebra 
using Tjj as generators. Adding translations generated by momentum generators P, 
the dilations. A, special conformal transformations, K, the supersymmetry generators 
Qi, and finally and Si, make up the superconformal algebra. The total algebra can 
be represented as derivations with respect to the superspace. It has some peculiar 
properties that still remain a mysterious. For jV < 4, it is known how to close this 
algebra without additional generators. It is clear however, that for jV > 4 closure 
requires the presence of additional operators. 

In any event, the operators can be represented by derivations of the one dimen- 
sional time variable and its derivative, r and dr, and the Af — A superspace variables 
and their derivatives, and di. The time variable and its derivative are real and 
commute with everything. The superspace coordinates are real Grassmann variables, 
anti-commuting ( C"^ = ~ C"^ ) ^^'^ squaring to zero ( [C^]^ = 0). The algebra 
is defined by its commutation relations. There are 36 possible combinations but only 
thirteen are nonzero: 

[A,P} = -iP , [A,gi}=-4gi , [A,K}=tK , (2.1) 
[A, Si} = ilSi , [P,Si}=iQi , lK,Qi}^-zSi , (2.2) 
= 45ijP , [Si,Sj}^A5uK , [P,K}^-i2A (2.3) 
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[Qi,Sj} = 4 5ijA + 2ru , (2.4) 

[71j,Qk} = -iSiKQj + iSjKQi , (2.5) 

[Tij,Sk} = -iSixS] +i6,^KSi , (2.6) 

[Tij,Tkl} = ^5jkTil - i^JL^iK + i^iLTjK + i^IK^JL (2.7) 

The generators and their corresponding symmetries are hsted in Table I. 



Table 1: Generators and Their Associated Symmetries and Derivations 


Generators 


Symmetry 


Derivation 


No. of generators 


P 


Translations 


idr 


1 


A 


Dilations 


tirdr + ^C'^i) 


1 


K 


Special Conformal 


tir'^dr + rCdj) 


1 


Qi 


Supersymmetry 




4=[AA] 


Si 


S-supersymmetry 


irdi + 2rCidr + CiC'<9j 


4=[AA] 


Tu 


SO (AT) 


^(Ci5j-Cj5i) 


6 = [M{M - l)/2] 



Table 1 

This algebra can be deformed in A/" = 4 with the addition of a Levi-Civita tensor, 
eijKL) and a parameter, £, that measures the deformation. It only affects three of the 
six operators: 

Si{l) = ir9, + 2TCi9, + 2CiC'5j + £6ijKL(C'C^aL-MCW5r) (2.8) 
K{i) = i(r'dr + rCdi-i2ee'''''^[lCiC3CKdL + CiCjCKCLdr]) (2.9) 
Tjj(e) = iC[i9j] - ifeuKLCxaL (2.10) 

This changes the last three of the commutation relations 

[Tu,Qk} = -iSiKQj + iSjKQi + iieijKLQL (2.11) 
[Tij,Sk} = -i^iK-^j + i^jK^i + i^eijKL^L , (2.12) 

+ |(£'-1)[^<5jkV'il-^5jlFik + ^5il>^jk + ^'5ik>jl] (2.13) 

with Fij = i([idj] + ii euKhCKdh- For £ ± = 1, there are no Yu terms in the last 
commutation relation. 

The next step is to recast the previous generators in form in which the relationship 
to the super Virasoro algebra is more obvious. This is done by choosing the forms 

L^ = -[r^+'dr + him + l)T^Cdc] , Hr = -[r'^-'dr + Ur + ^VCdc] (2.14) 

= ^r"'+5 [d^ - i 2(dr] , Gr = ir'^^ [d^ - 1 2(5^] (2.15) 
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where m e Z and r e Z + 5. The L and H are the same except L takes integers and H 
takes half integers. The F and G forms follow the same pattern. H is fermionic and L 
is bosonic because L exists in the Af — case. If one looks at the lowest level of the 
set of (L, H, F, G) generators, some of the previous generators are now represented: 



The Tij generators remain the same. 



L+i, Q 



G i,S 

~2 



+ 2 



(2.16) 



These new generator pairs can be combined using a different notation with simple 
commutation relations: 




{A-B)La+b 
-i 4 La+b 



(2.17) 



/ [La, Lb} -- 
[Ga , Gb} = 
V [La,Gb} = C^A-B)Ga+b 

with A, B taking values in Z and Z + ^. For A/" = 1, this pair of generators is closed 
under graded commutation. In the ID A/" = 4 exceptional Super Virasoro algebra, an 
index / for the supersymmctric levels has to be added and the ^-deformed terms must 
be put in properly, including a ^-deformed supersymmctric Tij(£) generator. For the 
ID A/" = 4 exceptional Super Virasoro algebra, the set of generators (L^(£), G\{t), 
Tj^{t)) closes under graded commutation. These generators are 



G\ 



= -[T^+^dr + \{A+l)T^C%] 

+ iM(^+l)T-^-'[C('^'^ + i4C^^^a,] (2.18) 

= r^+\ [^i _ i2(^%] + 2{A + \)T-^-^^C\'^dK 

+ ^(^+i)r-^-2[e"KL^^^^^^ ^ 

- i4C(=')^9^]+i4£(^2_ 1)^.4-1^(4)^1 (2.19) 

= r^[c}'d^ _ ^e^^^CK^L] - i2lAT^-^[C^'^^'d'^ - ^e^^^Ci'^^L] (2.20) 



Their supercommutation relations are 

[L^,Lb] = {A-B)Lj,+B + lc{A^ - A)5A+Bfi (2.21) 

[La,G\-\ = {^-B)G\^B (2.22) 

[L^,T^J] = -BTi% (2.23) 

{G\ , G'b} = -i45" L^+B -12 {A- B)T'J,B -ic{A'- ^) W,o<^" (2.24) 

[ry,G^] = 2i5'''G\^B-S'''G'\^,) (2.25) 

rrplJ rpKL-l _ rplK rj L rplL r J K I T^JL rIK T^JK rIL 

l^A , 1 — ^A+b'^ ~~ ^A+b'^ +-'-A+b'^ ~ -^A+B" 

-2c(^-i3)(<5^[^l(5-'|L]) (2.26) 
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A number of interesting points can be found here. In previous papers [2] [3], the 
non-deformed = 0) ID jV = 4 QTZ Super Virasoro algebra is used to generate OPEs. 
This algebra is the "large" jV = 4 algebra which has a 16-dimensional representation. 
It does not close unless two more sets of generators (U's and R's, which are related to 
the T's,) are added. The i — ±1 cases of the ^-extended algebra map the generators 
to a 8-dimensional representation which does not need the other generators to close. 
This can be easily seen when instead of using derivations to represent the generators, 
an appropriately sized Clifford algebra is used [4] . The use of a Clifford algebra may 
allow more insight into the whole process. This and the difference between using the 
"small" and the "large" Af — 4 algebras will be discussed in Section 5. 

Another point is whether the central extension should be dropped in the equations. 
Prom [5] , the closure of the algebra is found to be related to the existence of a central 
extension, specifically the central extension is eliminated for jV > 2. Because M — 4 
closes also, it is a valid question to ask if a central extension may exist too. The 
Jacobi Identity on {G\, Ul\ Gf) was used before to answer this question. Because the 
supercommutators have the same form as the A/" > 2, it would seem that the answer 
would be true. But there are no longer U^J generators in the algebra. The Jacobi 
identity for the other generators must be analyzed to check if a central extension is 
allowed. Although this could be addressed now, this question will be revisited later 
when the Clifford representation of the generators is presented . Por now, c will be 
set to zero. 



3 Description of the Coadjoint Orbit Method 

A compact description of the Coadjoint Orbit method can be found in a paper 
by Witten[6] but to go into more detail and understanding, the work of Kirillov [1] 
provides more insight. To fully understand the Coadjoint Method, one must go to its 
foundation in Lie groups and algebras then build from there. A Lie group G is a set 
of elements with certain topological and algebraic properties, namely continuity and 
analyticity. One can think of it as both a group of elements and a smooth manifold. 
It has a multiplication law which can be represented as a smooth map. The group 
can act on itself and there is a special map defined for every point in the group: 

Ag{h) = h^ghg-^:\/g,h^G (3.1) 

Related to the Lie group is its Lie algebra G, a vector space that can be understood 
as the tangent space of the manifold at the unit point in the group, denoted by e 
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The unit point is a fixed point of the previous map, meaning that it is mapped into 
itself. Around this fixed point, the derivative of Ag acts to map elements of the Lie 
group to other elements in the same Lie group. This derivative is called the adjoint 
map of the Lie group: 

Adg-.g^ g'withg, g' eG (3.2) 

Since elements of the Lie algebra G changes elements of the group to other elements, 
we find that the previous map can be considered a mapping of elements of the Lie 
algebra to other elements of the algebra. Thus the map from g to Ad{g) can also be 
seen as 

Ad:{g^ Ad{g)) ~ (g ^ g'), ^ G G, g, g' G G (3.3) 

This is the adjoint representation of the Lie group G. By taking the derivative 
of this map, one gets the adjoint representation of the Lie algebra G, which has the 
following property: 

a(ig(h) = [g,h], g,heG (3.4) 

where the right-hand side is the Lie bracket defined for the Lie algebra. 

Since G is also a vector space, we can talk about the dual hnear space G*. The 
dual space G* consists of dual elements g* of elements g in G. The dual elements 
belong to the space of hnear functions of the algebra element g. With the definition 
of a bilinear form on both types of elements (g*, g), there also exists the space G"*" of 
elements g-*- orthogonal to the element g defined by the bihnear form, (g"'",g) = 0. 
Let P be a projection operator that projects into G"*". Then one can construct a 
coadjoint representation K(g) that sends elements of the dual space into a space of 
other elements orthogonal to the first: 

K{g) = {h ^ g^ = P(ghg-i) such that (g^,g> = 0, h e G*,g^ e G^,g e G}. (3.5) 

Once one has a realization of the appropriate algebra, the coadjoint orbit method 
can be applied. First, an adjoint vector consisting of all the generators and a central 
extension is constructed. Prom there, a corresponding coadjoint vector can be formed 
and calculated using the ideas that 

1. an adjoint vector can act on another adjoint vector to give an adjoint vector, 
and 

2. an inner product of an adjoint vector and its dual coadjoint vector should be 
"orthogonal" in the sense that it gives delta functions in indices. 
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Once the action of the adjoint vector is understood on the different elements 
(which is equivalent to the first statement,) then the action of the adjoint vector on 
an arbitrary coadjoint vector can be calculated. This now defines how the fields in the 
coadjoint vector transform with respect to the elements of the adjoint vector which 
are related to the underlying algebra. The coadjoint orbit is the space of all coadjoint 
vectors that can be reached by apphcation of the action of the algebra. 

Now the relationship of the adjoint and coadjoint elements to sympletic structures 
can be utilized. There is a relationship between coadjoint orbits and symplectic 
structures. An orbit of a map is like an equivalence class of the map. The coadjoint 
orbit is the equivalence class of dual linear functions on the Lie group. Having a 
symplectic structure means that there exists a closed non-degenerate, skew-symmetric 
differential 2-form. This 2- form is G- invariant and exists for each orbit in g*. Having 
a symplectic structure is also related to Poisson brackets and phase space. 

The infinitesimal version of the coadjoint action is 



This is equivalent to the natural skew symmetric bilinear form, ^2, found on each 
coadjoint orbit. The form Vl is defined on adjoint elements as 



with ai and 02 as associated fields from the adjoint vector and B the coadjoint vector. 
The change in B from the specific adjoint fields is given by 



So the inner product of a adjoint and coadjoint element also generates the infinitesimal 
variation of the corresponding coadjoint field with respect to the symmetry generated 
by the adjoint element. 

To get to the calculation of the Operator Product Expansions, one more step must 
be done. The physical fields and the conjugate momentum must be associated with 
the adjoint and coadjoint elements. 

As the adjoint element generates a symmetry transformation of some kind, asso- 
ciated with that transformation is a charge, Qi. For the adjoint field Oj, the charge 
can be calculated as 



(X(g)h,g') = (h, -adg(g')> = (h, [g,g']) ,g,g' e G, h e G*. 



(3.6) 




(3.7) 



5aiB ^ai*B. 





(3.9) 
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is the generating function for the transformation and comes from the action of the 
adjoint element on the coadjoint vector represented by the associated fields. 

Using some concepts from mechanics, one can see that this charge generates the 
infinitesimal variation of a function of a field, and its conjugate field, tt*, through 
the use of Poisson Bracket: 

{g„„F(/„7rO} = §1^ - l^f = -5a.F{U,7:^) (3.10) 

There are three fields in this equation: the adjoint field related to the transformation, 
Oj; a coadjoint field, fi\ and the conjugate momentum field to /j, tt*. 

Defining A to the be the dual coadjoint field to adjoint field , then 

(oj, y4) = * A = j ai{x)A{x) dx = const. (3-11) 
And it can also be shown that 

{Qa,.F{x)] = a,{x)j^F{x) = j dya,{y) [A{y)F{x)] (3.12) 

The quantity in brackets on the RHS gives the short distance OPE between A, 
the dual coadjoint element of a. and F, a function of the phase space elements. By 
using this equation, the adjoint action on coadjoint elements can be mapped to the 
infinitesimal variation of the dual fields by the symmetries generated by the algebra 
elements. The OPE can almost be read off from the resulting equation. 

The actual use of the method flows from the following steps: 

1. Choose an coadjoint field and an adjoint action on it. This gives the variation 
of the physical field with respect to some transformation. 

2. Calculate the Poisson bracket of the charge generated by the adjoint action on 
the the physical field. The generating function of the transformation will come 
from the calculations of the adjoint action on the coadjoint vector done earlier. 

3. Compare to the integral form of Poisson bracket. The short distance OPE will 
be the equivalent expression of the previous step once it has been put in the 
associated integral form. This will involve the use of delta functions on the 
space (a line in the ID case) and its derivatives. 

Typically, one needs an action to determine the useful field theory quantities such 
as correlation functions. However, these quantities are dependent on the symmetries 
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found in the theory and not necessarily obvious in the action. The Coadjoint Orbit 
method allows for these quantities to be calculated without an action and totally 
based on the underlying symmetries of the theory being studied. 

As an aside, one of the uses of coadjoint orbits is relate the classification of the 
orbits to the classification of another related mathematical structure. For example, 
if G is the set of all linear n x n real invertible matrices, then the classification of 
coadjoint orbits is equivalent to the classification of matrices up to similarity. The 
analysis of the coadjoint orbits allows one to classify two dimensional conformal field 
theories (2D-CFT's). 

4 Calculation of Short Distance Operator 
Product Expansions 

The Operation Product Expansion (OPE) is an expression of the product of two 
operators as a sum of singular functions of other operators. This is useful when 
calculating the product of field operators at the same point. Wilson and Zimmerman 
[8] have a discussion of the use of OPEs in Quantum Field Theory. In this case, the 
operators are tensor fields. The general form of an OPE is 

A{y)B{x) ~ ^ Ci{x){y - x)"* + (non singular terms) (4.1) 

i 

where Cj is a member of a complete set of operators. The non-singular terms are 
not important because the singular terms determine the properties of the product of 
operators. 

The goal is to express the product of fields that represent the underlying algebra in 
terms of functions of other fields which represent other elements in the algebra. These 
products are further related to useful field theory quantities such as propagators and 
mass terms. 

The methods used are found in [2, 3, 5, 7]. Applying this process to the algebra 
of interest, the adjoint vector of the ID Af ^ A gu SVA is L = {La, G^, T^^). The 
adjoint acting on this gives 

ad{{LM, G%-, T^^)){L^, Gq, T^p) = {Lm, G^, T^^) * (L^, Gg, Tp'^) 

— \-^Q,new, ^-R,,new' S,newJ 

The coadjoint element is L = (L^, Gg, Tp^) and correspondingly gives 

ad{{LM , G^ , Tp^^)) (L^, Gg, Tp^) = {L^, G^, T^^^) * (L_4, Gg, Tp^) 

— (T ^ tfg ^ ^ ' 
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and the inner product is 



((Lm, G^, Tp^) I {La, Gq, Tq^)) = Sm,a + Sn,bSk + ^p,c5lm (4-4) 

To calculate the OPEs, one needs the expression of 5lL = L * L where L is an 
adjoint vector and L is a coadjoint vector. Using the fact that {L\L) is an invariant 
and L * L can be calculated from {L' * L\L) , one can use the Leibnitz rule on the 
invariant form and get 

{L*L\L) = -{L\L*L) (4.5) 

Since L and L are made up of components (L, G, T), it is easier to calculate 
pairs of adjoint elements acting on coadjoint elements. This reduces the number of 
calculations greatly. The hst of adjoint /coadjoint pairs are 

5L = L*L + G*G + T*f 

5G = L*G + G*L + G*f + T*G 

Sf = L*f + G*G + T*f 

This checks against the calculations from [3] . Note that there is no T * L term in the 
list of changes to the coadjoint vector. 

Using a realization of the algebra as tensor fields, the adjoint representation ele- 
ments are F = {rj,x^,t^^) , which are general elements of the Virasoro, Kac-Moody, 
and so(4) algebras respectively. The coadjoint fields are B = {D,ip^,A^^) , a rank 
two pseudo tensor, a set of 4 spin-3/2 fields, and the 6 so (4) gauge fields. 

The coadjoint action can be seen as generating the changes in the fields. It acts 

as 

F*B^5fB^ [t], x\ t^^) * {D, tp\ A^^) = {SD, 5i^, 5A^^). (4.6) 
There are three charges, one for each adjoint element /operator: 




Choosing L * L as an example, the physical field representation is used : 



L * L 
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(4.10) 



L,^*Ld^ Lf)-. D ^ -D'r] - 2Dr]' (4.11) 

5r^D = D (4.12) 

S,D = -{Qr„D} = J dyri{y){D{y)D{x)) (4.13) 

Qr,^ J dxCria^ J dx{-D'r]-2Dr]')r]a (4.14) 

{g„ D} = j dyi-D'{x)viy) - 2D{x)ii\y)). (4.15) 

Using the ID formula for the delta function, 

%-^) = 2HiJ=iT (4.16) 
and integration by parts to separate out rj[x) terms, 

{Qrt,D} ^ Jdy {d^D{x)^^^^^ + D{x)^^j^^) r]{x) 



^ Jdy [D{y)Dix)] r){x) 



(4.17) 



Thus by taking pairs of individual adjoint elements acting on individual coadjoint 
elements, the OPE's can found. 

1. D{y)0{x) 

L^*Ld^L^ D ^-D'r)-2Dr)' (4.18) 

L,*G%=G% - ^^ = -(|V^'3-^(^«')) (4.19) 

L^*fffj = fffj ^ A'^~ = -{A'^^y7]-7j'A'^^ (4.20) 

These expressions yield the following OPEs: 

D{y)D{x) = -^D(x) - ^^d,D{x) (4.21) 

L>(y)V''^(x) = ^-^^Q(:c)-^^d,,l;'^{x) (4.22) 

D(y)A^'(x) = 2^^A^'(x)-^^d^A^'(x) (4.23) 



2. V'(y)0(x) 



G'^j * Ln = 4tG'-j ^ x' = -x'^ (4-24) 

A'^ = 2(xV'^ - X^V'') (4.25) 
* « = ^[^^H^^lGg, - ^^ = 2(/)'^^^ + /(t^7 (4.26) 
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The OPEs are 



^\y)D{x) 
iP^{y)A'^^{x) 




(4.27) 
(4.28) 
(4.29) 



3. A{y)0{x) 




-5[^^l(5^f + 4/)T, 




(4.30) 



(4.31) 



Note that there isnoT*L term. However the A^^ {y)D{x) and A'^^{y)A^^[x) 
terms are generated from the T *T action. The OPE that follow are 



In the non-extended version of the algebra [2, 3, 5, 7], there are extra generators 
that must be added to close the algebra. When the Coadjoint Orbit method is 
applied, these extra generators correspond to fields and have their own OPEs. The 
fields uj and p, which correspond to the U and R operators respectively, have 44 and 
11 independent components. The spin of the fields are varied, either being or ^ 
depending on the structure of the individual operator. This also true for the general 
extended £^^±1 case. However, the i — ±1 case does not have these fields or their 
OPEs. Thus there is no difference between the regular {i=0) and extended (iy^O) 
cases except when £ — ±1. These cases reduce the number of operators and fields 
necessary to fully describe the theory. 

5 Reformulation of the Coadjoint Orbit Methods 
Using Chfford Algebras 

Now a different perspective will be investigated using Clifford Algebras instead of 
derivations. Hasiewicz, Thielemans, and Troost [4] have shown that superconformal 
Lie superalgebras contain a Clifford algebra structure in them. By exploiting this 



A'''{y)D{x) 
A^''{y)^'^\X) 
A-^''{y)A'^^{x) 




(4.32) 
(4.33) 
(4.34) 



13 



structure, new information can be gained by the implications of how the Chfford 
algebra exists in the larger structure. 

Their method starts with a break down of the Lie superalgebra into smaller, 
relevant subspaces: a Kac-Moody Lie algebra KM{L) with a Lie algebra L, a Virasoro 
algebra Vir, and subspaces Q and G with underlying vector spaces respectively, V and 
W. The underlying vectors spaces of these subspaces ( L for KM{L), R for Vir, V for 
Q, 1^ for G) are important along with a number of mappings that define the properties 
of each space. For a fixed element w e W, and w, w' e W; v, v' E V;T,,T,' E L; a E M, 



there are the following mappings: 

[T^(E),T„(S')] = r„+„([S,S'])-cm;r(S,S')5(m + n) (5.1 

\_Lm,Ln] = {m — n)Lrn+n + {P^^ ~ + (5.2 

[L^,r„(S)] = -nTm+n(S) (5.3 

[Lm.Qniv)] = -{m/2 + n)Qm+n{v) (5-4; 

[L^.Gniw)] = +{m/2-n)Gm+n{w) (5.5^ 

{Qm{v),Qn{v')} = -h{v,v')5{m + n)c (5.6' 

[T^(E),Q„(i;)] = Q„+„(i?(E)t;) (5.7; 
{G^{w),Gn{w')} = 2B{w,w')Lra+n + B{w,w'){m^ -l/4:)S{m + n)c (5.8 

-{m - n)Tm+n{^{w,w')) (5.9 

{Gm{w),Qniv)} = Tm+n{^{w,v)) (5.10 

[r^(E),G'„(w)] = Gm+n{H^)w)+mQm+n{d{^,w)) (5.11 



with b, R, (f, A, and d all being mappings and bilinear forms necessary to describe 
the superconformal Lie superalgebras. 

There are special mappings that Hasicwicz et. al.[4] use to associate with the 
Clifford algebra: 

cpy,{w') :w' eW ^ cp{w, w') e L (5.12) 

d^(E) : E e L ^ d(E, w)eV (5.13) 

iyj{a) : a eR^ aw eW. (5.14) 

This set gives the exact series 

UHW^ L^V ^0. (5.15) 

While this set of mappings and forms 

ijjyj-.veV iIj{w,v) e L (5.16) 
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A^:EeL ^ A{J:)weW (5.17) 

B^:w'eW B{w,w')eR (5.18) 

gives the exact series 

Q^V^L^W^R. (5.19) 

Note that all the mappings resemble adjoint actions, being based on a fixed ele- 
ment w. 

One of the most important results is the relationship between the dimensions of 
the vector spaces: 

\W\ + \V\ = \L\ + 1 (5.20) 

With this relationship, one can categorize the type of algebra possible since there 
are \W\ symmetries that exist {dim{W) — jV), and \L\ is the dimension of the un- 
derlying Lie algebra. 

The spaces define a larger space S — W ®V ® L ^R oi all the elements and an 
endomorphism F that represents a Clifford algebra with the mapping B above as a 
definition: 

ryj{w' + v + T, + a) = {aw + A{T,)w) + d{T,, w) 

+ {(f{w,w') + ip{w,v)) + B{w,w') 

r^r'^ + r'^r^ = 2B{w,w'). 

S is also given a metric by 9: 

9{w + v + E + a,w' + v' + E' + a') = B{w, w') + b{v, v') - K{E, E') - aa' (5.23) 

At this point, a number of similarities to the Coadjoint Orbit method shown 
earher should be apparent. The elements of S have this particular form because the 
elements of all the different spaces are now on an equal footing with each other under 
the Clifford algebra. The metric has the same form (up to some signs) as the action 
of the dual element on the vectors describe in Section 4. 

The superconformal Lie algebra is built from a vector representing the unit element 
in the space R . This element is multiplied by the basis elements of the Clifford algebra 
to get the other spaces W,V, and L. The previous mappings between spaces allows 
them to be separated to get the complicated structure needed. 

The A/" = 4 case is presented in their paper [4] for a Clifford algebra signature of 
(0, 4) explicitly and all other signatures by inference. The choice of £ = 1 corresponds 
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(5.21) 
(5.22) 



to a 16-dimensional representation of S and the Clifford space. The dimensions of 
the spaces W, V, and L are 4, 4, and 7 respectively as given by eq. 5.20. The basis 
vectors for W are 

Wi = r, (5.24) 

and for V, 

Vi^Vi{V''-^) (5.25) 

where = F^r^F'^r'^, (F^) = 1, and i real, much like defined in the derivation 
method. The elements of Lie algebra are given by the mapping with the addition 
of one more element: 

ipij = (p{wi, Wj) = TiTj{i ^ j) (5.26) 
(7=(F^-£). (5.27) 
The mappings and bilinear forms from above now take the form 

H<Pij)wk = SjkWi - SikWj + ieijkiwi (5.28) 
d{(pij,Wk) = eijkivi (5.29) 

ijj{wi, Vj) = rjrj-(r^ - •^) = -^Aj - h^ijkivki - s^a (5.30) 

d{a,Wk) = vi (5.31) 
R{^ij)vk = SjkVi - SikVj + ieijkiVi (5.32) 

Now the correspondence between derivation representation and Clifford algebra 
representation should be clear: 



Table 2: Correspondence between GR Super Virasoro Algebra Generators 


Original Notation 


Condensed Form 


from HTT 


P,A,K 


L 


e{B, b, K) e Vir 


Q,S 


G 


Wi eW,Vi eV 


T 


T 


(p,a E L 



Table 2 

The effects of the extended algebra, which is a function of £, can be seen in the 
mapping b, the metric term for the vector space V, and the mapping A on the six 
linear combinations (pij ± ^eijkifki '■ 

b{vi,vj)^-Sij{l-e) (5.33) 
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(5.34) 



The parameter £ can be used to categorize all types of ID A/" = 4 super Virasoro 
algebras. When £ ^ ±1, the algebra is the "large" J\f = 4 algebra with so(4) = 
so{3) (8)so(3). At £ = ±1, it collapses to the "small" 8-dimensional A/" = 4 algebra. It 
is called small because at = ±1, part of the space is mapped into zero into W. The 
dimension ^ fields generated by V disappear and the corresponding representation 
now only has 4 dimension-1/2 fields from W and four dimension-1 fields from the 
combination of L and Vir. 

It is clear that the addition of the £-terms, which also involved the Levi-Civita 
tensor, has its basis in the Q vector space describing the supersymmetric operators 
and requires the necessary adjustments to the other operators to close the algebra. 
The original [T,Q}, [T,S'}, and [T, T} supercommutators refiect this relationship and 
the close ties between the supersymmetric operators and the Lie algebra underneath. 

The question of whether the algebra has central charges can now be revisited. 
In [4], the commutation relations, which are given earlier, contain the central charge 
c. They make the assumption of a nonzero central charge and show that the set of 
generators is closed. With some additional work, the central charge can be re-added 
into the equations. 

With the algebra elements written as elements of a Clifford algebra, all of the 
previous work can be double checked and reanalyzed in a different context. The 
benefit of going to a Chfford algebra representation is that the Clifford algebras are 
well-known and well- understood. In [4], there is some discussion about what this 
would entail and will be investigated for future research. 

6 Discussions, Interpretations, and Conclusions 

There are a number of interesting ideas and directions that this work has brought 

up: 

• Coadjoint Orbit Method: The Coadjoint Orbit method has a clear mathematical 
basis underlying it. There exists a relationship between the equivalence class of 
linear functions on a Lie group (trajectories) and a natural sympletic structure 
on the relevant manifold (phase space). The connection between the two seems 
more obvious in terms of Clifford algebras, which has a foot in both worlds. It 
may be that a simpler explanation can be found by exploring this direction with 
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the first step going from the Chfford algebras to the underlying Spin groups and 
algebras which are closer related to Lie groups. 

• Higher-point functions (3-point and 4-point correlators): The methods of this 
paper describe using any representation of symmetry generators to develop 
OPEs describing two-point correlation functions. In [8], there is a way to 
extend this methodology to higher point functions. Thus, it may be possible 
to totally "skip" Hamiltionian and Langrangian and just calculate correlation 
functions from symmetries. Skipping that step, however, does not absolve one 
from still figuring out the dynamics of the theory, which are contained in the 
propagation and interaction terms calculated from the OPEs. 

• Since the Virasoro and Kac-Moody algebras are Lie algebras, they have inter- 
pretations as manifolds. What does the central extension mean in terms of 
manifolds? A central extension in group representation terms means that there 
are operators (or combinations of operators) that exist in the center of the 
group besides the typical identity element. The formal name for this concept 
is an ideal, a subgroup that maps products between members inside and out- 
side the subgroup into the subgroup. In this case, it represents that elements 
in the group can be pulled back to "another origin". The interpretation of 
the central extension should be important for any work involving Geometrical 
Representation theory. 

• In [4], they discussed the non-existence of a description of superconformal Lie 
superalgebras with dim W > A. There were a number of restrictions to this 
statement but they discuss Af > A superconformal superalgebras that were 
not Lie superalgebras. Further research into this area could provide a possible 
generalization of supersymmetry algebras. 

Our use of super vector fields in order to realize the symmety generators in a 
geometrical manner also points in one other direction. Since there is no metric defined 
on a Salam-Strathdee superspace, the conventional and familiar role of the metric (or 
a putative super-metric) is taken over by super-frame fields or super vielbeins. Thus 
a definition of Killing super-vectors must rely on a super vielbein. As such there is 
a superspace geometry that is naturally associated with the vector fields (realizing 
the symmetry). This geometry is the conventional one of a fiat Salam-Strathdee 
superspace. This raises a question. One can imagine a super vielbein that does not 
describe a flat Salam-Strathdee superspace but one with a non-trivial topology. If it 
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possesses a related set of Killing super vectors. In principle it should be possible to 
derive short distance expansions in this case. 

In conclusion, the short distance OPEs for the extended ID jV = 4 Super Virasoro 
algebra was calculated and found to be exactly of the same form of the ID jV = 2 case. 
Further investigation showed the full relationship between the "large" and "small" 
J\f — A algebras and the deeper relationship between the two through the Chfford 
algebra. Let us end by noting that the relation to Clifford algebras also suggest 
that 'Garden Algebras' defined in [9] seem likely to provide a starting point for some 
OPE's. 

"A^o human investigation can be called real science if it cannot be 
demonstrated mathematically." 
- Leonardo da Vinci 

Acknowledgments 

This research has been supported in part by NSF Grant PHY-06-52363, the J. S. 
Toll Professorship endowment and the UMCP Center for String & Particle Theory. 

References 

[1] A. A. Kirillov, "Merits and Demerits of the Orbit Method," Bull. Amer. Math. 
Soc. 36, 4 (1999). 

[2] S. J. Gates, Jr. and L. Rana, "Superspace geometrical representations of ex- 
tended super Virasoro algebras," Phys. Lett. B 438, 80 (1998) [hep-th/9806038]. 

[3] C. Curto, S. J. Gates, Jr. and V. G. J. Rodgers, "Superspace geometrical real- 
ization of the N-extended super Virasoro algebra and its dual," Phys. Lett. B 
480 , 33 (2000) [hep-th/0002010]. 

[4] Z. Hasiewicz, K. Thiclcmans and W. Troost, "Superconformal algebras and 
Clifford algebras," J. Math. Phys. 31 3 (1990). 

[5] S. J. Gates, Jr., W. D. Linch III, Joseph PhiUips, and V. G. J. Rodgers, "Short 
Distance Expansion from the Dual Representation of Infinite Dimensional Lie 
Algebras," Commun. Math. Phys. 246 2 (2004). 

[6] E. Wittcn, "Coadjoint Orbits of the Virasoro Group," Commun. Math. Phys. 
B114 (1998) 1. 

19 



[7] I. Bah, "Space-time interactions from Virasoro and Kac-Moody algebra" Thesis 
from NSF-REU/Summer Theoretical Physics Research Session 2005. 

[8] K. Wilson and W. Zimmermann "Operator Product Expansions and Composite 
Field Operators in the General Framework of Quantum Field Theory," Commun. 
Math. Phys. 24 , 87-106 (1972). 

[9] S. J. Gates, Jr. and L. Rana, "A Theory of Spinning Particles for Large N- 
extended Supersymmetry," Phys. Lett. B 352, 50 (1995) [hep-th/9504025]; idem. 
"A Theory of Spinning Particles for Large N-extended Supersymmetry (II)," 
Phys. Lett. B 369, 262 (1996) [hep-th/9510151]. 



20 



